A point generated incident "eld impinges upon a small triaxial ellipsoid which is arbitrarily oriented with respect to the point source. The point source "eld is so modi"ed as to be able to recover the corresponding results for plane wave incidence when the source recedes to in"nity. The main dif"culty in solving analytically this low-frequency scattering problem concerns the "tting of the spherical geometry, which characterizes the incident "eld, with the ellipsoidal geometry which is naturally adapted to the scatterer. A series of techniques has been used which lead "nally to analytic solutions for the leading two low-frequency terms of the near as well as the far "eld. In contrast to the near-"eld approximations, which are expressed in terms of ellipsoidal eigenexpansions, the far "eld is furnished by a "nite number of terms. This is very interesting because the constants entering the expressions of the Lamé functions of degree higher than three are not obtainable analytically and therefore, in the near "eld, not even the Rayleigh approximation can be completely obtained. On the other hand, since only a few terms survive at the far "eld, the scattering amplitude and the scattering cross-section are derived in closed form. It is shown that, in practice, if the source is located a distance equal to "ve or six times the biggest semiaxis of the ellipsoid the Rayleigh term of the approximation behaves almost as the incident "eld was a plane wave. The special cases of spheroids, needles, discs, spheres as well as plane wave incidence are recovered. Finally, some theorems concerning monopole and dipole surface potentials are included.
Introduction
The direct problem of classical scattering theory deals with the effect that a given discontinuity has on the propagation of a known incident wave. When a harmonic time dependence of a "xed angular frequency is imposed on the incident wave, the scattering problem is said to be formulated in the frequency domain.
For almost all the literature associated with these scattering problems the spacial behaviour of the incident "eld is that of a plane wave. In that case, the dif"culty in solving analytically scattering problems is focused on the geometry of the surface of the scatterer. The situation becomes more complicated when the incident "eld is a spherical wave emanating from a point source which is located in the exterior to the scatterer medium of propagation. This is a harder problem because it involves one more variable than in the case of plane wave excitation. This is the varialbe that speci"es the distance between the point of excitation and the scatterer. On the other hand, this extra information is of great help for the solution of the inverse scattering problem in which we seek the location of the obstacle from far-"eld measurements. Estimations of the distance between the centre of the scatterer and the point of excitation, for different locations of the point source, can reveal the position of the target.
Within the framework of analytical methods, necessary for drawing qualitative information about the scattering process, the point source excitation brings into play the complication of the geometry of the incident wave. The surfaces of constant phase are not #at spaces any more, but spheres of varying radii. In fact, it is the radius of the sphere of constant phase at the point of interaction between the incident wave and the obstacle that is registered in the far-"eld pattern, and it is this radius that one tries to decode from the far "eld in order to solve the inverse problem mentioned above.
The analytical dif"culties connected to the case when the illumination "eld is a point source are due to the fact that one has to deal with two coordinate centres. The origin of one is located at the point source and describes the incident "eld, while the origin of the other is located at the geometrical centre of the obstacle and allows for the application of boundary conditions. Of course, we are talking about obstacles with very simple geometries here, where spectral methods are possible. The coexistence of two different coordinate systems generates considerable mathematical dif"culties even for the case of a spherical obstacle, in which case we have to deal with two spherical coordinate systems having distinct origins (Dassios & Kamvyssas 1995 , 1997 Dassios et al. to appear) .
Analytic solutions of scattering problems with point source excitation seems to be rare in the literature. To our knowledge the "rst result in this direction is due to Jones (1956 Jones ( , 1986 , while almost everything that is known on this topic up to the late sixties is registered in (Bowman et al. 1969) . After that, numerical methods have been diffused into scattering theory and the analytical results for special shapes became even more rare. For closed form solutions of low-frequency scattering by spheres which are illuminated from point sources we refer to (Dassios & Kamvyssas 1995 , 1997 Dassios et al. to appear) . For point sources in elasticity we refer to (Ben-Menahem & Singh 1981) .
The work at hand aims in trying to extract as many analytical results as possible of the following problem. A point source illuminates an arbitrarily oriented, acoustically soft, triaxial ellipsoid, which is much smaller than the wavelength of the incident spherical "eld. This low-frequency scattering problem (Kleinman 1965; Strutt 1897; Twersky 1964) combines the dif"culties of the point source excitation with the dif"culties of the ellipsoidal coordinate system, which furnishes the most general geometry for which spectral methods can produce analytic solutions (Morse & Feshbach 1953) . Even for the ellipsoidal system, where a complete orthogonal set of ellipsoidal harmonics is known to exist (Hobson 1955 , MacMilan 1958 , the exact values of all the parameters that enter their expressions are not known when the degree is greater than three. It is in that sense that the possibilities for an analytic solution are severely restricted. Furthermore, the random orientation between the location of the source and the ellipsoid complicates the problem even more.
It is of interest to see that, although it is not possible to obtain an exact analytic solution of the low-frequency approximations of any order, in the near "eld, closed-form solutions of the far "eld can be obtained for the low-frequency terms of low order. This is so, because in the near "eld the solution involves multiple terms of all orders, while in the far "eld only a few of them survive. Those low-frequency approximations of the far "eld that can be expressed in terms of ellipsoidal harmonics of degree less than four (which are known) can be evaluated in closed analytic form. In that sense, the far-"eld solutions that are expressible in terms of up to the third-degree harmonics are the best possible. Unfortunately, the realization of such a complete task is formidable, and in this work we obtain the leading two low-frequency approximations of the scattering amplitude, which involve ellipsoidal harmonics of degrees zero and one alone. In addition, the ellipsoidal harmonics of degree two are needed in order to evaluate the L 2 norms of the ellipsoidal harmonics of the "rst degree.
Section 2 provides the mathematical formulation of the scattering problem that we discuss in this work. Section 3 states the relative low-frequency expansion. The zerothand the "rst-order approximations are obtained in Sections 4 and 5 respectively, while Section 6 provides the corresponding results for the scattering amplitude and the scattering cross-section. In Section 7 we show how the results from point source excitation recover the corresponding results for plane wave excitation. A detailed geometrical and physical discussion of the results, especially the in#uence of the location of the source, is given in Section 8. Finally we include two Appendices. Appendix A states all about ellipsoidal harmonics that is necessary for an independent study of this work, while in Appendix B we state and prove some theorems on ellipsoidal surface potentials, also necessary for the calculation of the solutions.
Formulation of the problem
Let S be the ellipsoidal surface
denote the semifocal distances, the surface S is speci"ed by ρ = a 1 and the exterior space
In what follows we work in the frequency domain where the suppressed time dependence is the spectral component exp{−iωt}. The incident wave "eld, which is disturbed from the existence of the ellipsoidal scatterer S, is a spherical wave emanating from the point r 0 = (ρ 0 , µ 0 , ν 0 ) with ρ 0 > a 1 . Following the argument exposed in (Dassios & Kamvyssas 1995) , according to which the intensity of the incident point source "eld is taken in such a way as to produce at the origin the same energy #ux as the one generated by a plane incident wave, we arrive at the following modi"ed incident "eld:
The advantage of this form of u i is that all results obtained can immediately recover the case of plane wave incidence by considering the limit as r 0 → +∞, which corresponds to plane wave incidence in the direction −r 0 . If we denote by u s the scattered "eld, then our scattering problem seeks the total "eld
which solves Helmholtz's equation;
satis"es the boundary condition
which characterizes the ellipsoid as an acoustically soft surface, and complies with the Sommerfeld radiation condition
uniformly over directions. Note that, in contrast to plane wave excitation where condition (12) is satis"ed by the scattered "eld alone, for point source excitation both the incident as well as the scattered wave satisfy (12). In fact, it is the interference pattern between the spherical wave emanating from r 0 and the asymptotically spherical wave emanating from the interior of S that registers in the far "eld all information about the wave-obstacle interaction which we call the scattering process.
The solution of the above problem (9) to (12) admits the following integral representation:
for r ∈ V − {r 0 }, where
denotes the three-dimensional fundamental solution of Helmholtz's equation.
As the observation point r recedes to in"nity, in the representation (13), the radial dependence tends to separate from the angular dependence of the scattered wave. More precisely,
where the radial dependence enters through the obstacle-independent function h, while the scattering amplitude assumes the integral representation
The scattering amplitude g registers all the physical and the geometrical characteristics of the scatterer. Furthermore, for excitation by a point source, the scattering amplitude involves information about the location of the source as well. This information is especially useful for inverse scattering problems associated with the search of the location of the scatterer. Finally, the scattering cross-section is expressed in terms of the scattering amplitude as
where S 2 stands for the unit sphere in R 3 .
Low-frequency expansions
When the characteristic dimension of the scatterer is much smaller than the wavelength of the incident "eld, the "elds involved in the scattering problem are analytic functions of the wavenumber (Kleinman 1965 , Kleinman & Senior 1986 ).
The incident "eld is also an analytic function of the wave number independently of the characteristic dimension of the obstacle and (8) leads immediately to the expansion
Introducing the expansion
in Helmholtz's equation (10) and the boundary condition (11) we conclude that the lowfrequency approximations u n , which are independent of k, satisfy the recurrence equations
and the boundary conditions
for every n = 0, 1, 2,...
In the vicinity of in"nity, the behaviour of u n (r) is given by (13). After introducing there the low-frequency expansions of u i (r), u(r) as well as the expansion
we end up with the following far-"eld representation of the nth-order approximation
for every n = 0, 1, 2,.... For n = 0 there is no contribution from the sum on the right-hand side of (23). Consequently, the asymptotic form of the low-frequency coef"cient u n (r) is given in terms of low-frequency approximations of order less than n and therefore it is known. The low-frequency expansion of the scattering amplitude is obtained by handling (16) in a similar way which leads to the expansion
Comparing the integrals appearing in (24) and (16) we observe that in the low-frequency case (24) the phase factor exp{−ik(r · r )} of (16) has been replaced by the moment factors (r · r ) ρ .
The Rayleigh approximation
By virtue of (20), (21) and (23), the leading low-frequency approximation solves the following exterior boundary value problem:
Because of the asymptotic form that u 0 assumes in the far "eld we need to expand the fundamental singularity |r − r 0 | −1 of Laplace's equation in ellipsoidal harmonics. This has been obtained by Miloh (1973a) . The zeroth-order approximation assumes the general form
for ρ > a 1 , where E m n , F m n denote the Lamé function (Hobson 1955 , MacMilan 1958 of the "rst and of the second kind respectively. The Lamé products
de"ne the interior ellipsoidal harmonics while the Lamé products
de"ne the exterior ellipsoidal harmonics. The "rst few Lamé functions are given in Appendix A. The surface ellipsoidal harmonics E m n (µ)E m n (ν) are orthogonal over any ellipsoid ρ =constant with respect to the weighting function
The boundary condition (26) is then written as
which, by virtue of orthogonality, reduces to
for every n = 0, 1,... and m = 1, 2,..., 2n + 1, where
are the normalization constants (L 2 -norms) of the surface ellipsoidal harmonics. In particular, we need only d 1 0 in this work which is given by
as one can "nd in (MacMilan 1958) . Note that a general expression for the d m n for all n and m is not known, mainly because of lack of information about the exact expressions of the ellipsoidal harmonics of degree higher than three.
In Appendix B we state and prove three theorems concerning surface potentials on ellipsoids. Theorem 1 deals with the ellipsoidal distribution of monopoles and states that
where S denotes the ellipsoid ρ = a 1 . Hence, a monopole distribution with a density described by a surface ellipsoidal harmonic of degree n and order m generates a potential which is proportional to the solid ellipsoidal harmonic of the same degree and the same order. Using (36) in the boundary conditions (33) we obtain the following expressions for the coef"cients of the expansion (28):
for every n = 0, 1, 2,... and m = 1, 2,..., 2n + 1. Therefore, the Rayleigh approximation is given, in terms of the normalization constants d m n , by
As we will see in the sequel, only d 1 0 is needed to obtain the Rayleigh approximation of the scattering amplitude.
The "rst-order approximation
This is the solution of the following exterior boundary value problem:
In order to evaluate the surface integral in (41) we use Theorem 2 in Appendix B, which refers to ellipsoidal distributions of dipoles and states that
where S denotes the ellipsoid ρ = a 1 . Here again, just as in the case of the monopole distribution, a density of given degree and given order will generate potentials of the same degree and the same order. In view of the orthogonality relation
where δ n 1 n 2 is the Kronecker delta, the expression
and the above theorem on dipole potentials we obtain
and
which implies that
where the elliptic integral I 1 0 is given in Appendix A. In other words, the surface integral of the normal derivative of the Rayleigh approximation is expressed as the ratio of the zerothdegree exterior ellipsoidal harmonic, corresponding to the ellipsoid that passes through the point source, over the same-degree harmonic that corresponds to the surface of the scatterer.
Therefore, the "rst-order approximation assumes the form
and the vanishing of the above expression at ρ = a 1 leads, via orthogonality, to the equations
for every n = 0, 1, 2,... and m = 1, 2,..., 2n + 1, where the formula (35) has been used.
In view of (36), equations (50) yield
for every n 1 and m = 1, 2,..., 2n + 1. Hence, the "rst-order approximation, again in terms of the normalization constants d m n , assumes the form
The far "eld
The "rst two low-frequency approximations u 0 and u 1 of the near "eld provide the following approximation for the scattering amplitude:
Since the integral in the leading approximation of g has been known from (48) we only need to evaluate the two integrals of the k 2 term. In view of (53) and the orthogonality relations (43) we obtain S ∂u 1 (r ) ∂n ds(r ) = r 0 r 0 + 1
But (44), (47) and (35) imply that
and therefore S ∂u 1 (r ) ∂n ds(r ) = −4πr 0 r 0 + 1
Finally, the expansionr o 2 , o 3 ) , the orthogonality of the surface ellipsoidal harmonics, formula (44) and the form (38) yield
Using formulae from Appendix A we verify that
and conclude that
Substituting (48), (57) and (64) into (54) we arrive at the following low-frequency approximation of the scattering amplitude:
Using formula (17) we obtain the following Rayleigh approximation for the scattering cross-section:
Hence, both the scattering amplitude as well as the scattering cross-section can be obtained in a closed form involving no normalization constants other than d 1 0 , while for the near "eld this is impossible.
Reduction to plane wave incidence
It is easily seen that as r 0 → +∞ the modi"ed point source incident "eld (8) 
it follows that r 0 → +∞ is equivalent to ρ 0 → +∞. Furthermore, since
it is implied that lim
Consequently, the Rayleigh approximation (38) in the limit r 0 → +∞ reduces to
which is (Dassios 1980, formula (21) ). Similarly, for the "rst-order approximation, given by (53) 
The normalization constants d m 1 can be evaluated with the help of the formula
where Λ, Λ and the Lamé functions E 1 2 , E 2 2 , are given in Appendix A, and the orghogonality of the surface harmonics. It is easily obtained that
Then, using formulae given in Appendix A we arrive at
which is exactly (Dassioss 1980, formula (23) ) when the incidence is in the direction −r 0 . Working in the same fashion we recover the following scattering amplitude:
which coincides with (Dassioss 1980, formula (46)). Finally, the limit
is trivially obtained (Dassioss 1980, formula (47) ). Therefore, we see that as the point source recedes to in"nity, the corresponding results for scattering of a plane wave by a soft ellipsoid are recovered.
Physical and geometrical consideration
In this section we discuss the results obtained from the physical as well as from the geometrical point of view.
We begin with the case of geometrical degeneracies. In fact, when a 1 = a and a 2 = a 3 = b the ellipsoid degenerates to a spheroid. This is a prolate spheroid when a > b and an oblate spheroid when a < b. In this case, the elliptic integrals that appear in the ellipsoidal harmonics can be evaluated and they assume the following values:
Similar expressions are obtained for the elliptic integrals evaluated at ρ 0 and at ρ. In particular, the limiting case a b corresponds to the shape of a needle, while a b corresponds to the case of a disc. Then
for the needle, and
for the disc.
The case of complete isotropy corresponds to a spherical scatterer, where a 1 = a 2 = a 3 = a, with
Considering the case a 1 = a 2 = a 3 = a into u 0 , u 1 , g and σ s as they are given by (38), (53), (65) and (66) respectively, we recover the results obtained earlier in (Dassios & Kamvyssas 1995) .
A close look at the leading approximation of the scattering cross-section (66), which by the way coincides with that of the differential scattering cross-section
reveals that the crucial function acossiated with the source point is the square of the function
We are especially interested in the behaviour of this function outside the sphere that circumscribes the scatterer, that is, for r 0 > a 1 . The spherical variable r 0 denotes the distance between the source and centre of the ellipsoid, while the ellipsoidal variable ρ 0 speci"es the ellipsoid that passes through the point source r 0 . As a consequence of the anisotropy of the ellipsoid the formula that connects the purely radial variable r 0 and the quasi-radial variable ρ 0 is dependent on the orientation of r 0 . More precisely, r 0 and ρ 0 are connected via (69), where ν 0 , µ 0 specify the location of the source on the ellipsoid ρ 0 =constant.
Some straightforward calculations provide the following lower and upper bounds for the function f (r 0 )
which holds true for every r 0 > a 1 . Therefore, due to different orientations, for every "xed r 0 > a 1 the function f varies within an interval with length equal to
and it is easily estimated that
An asymptotic expansion of the bounds in (94) leads to 
Combining (72) and (96) we see that, for every µ 0 , ν 0 , the function f (r) tends to one as r 0 increases to in"nity and its variation, due to variations of µ 0 and ν 0 , decreases with the inverse fourth power of the distance r 0 . In fact, this estimate is actually much better, since it is the square of the function f that enters the expression (66) for the scattering cross-section. In Fig. 1 is shown the actual variation of the maximum and the minimum values of f 2 for an ellipsoid with semiaxes a 1 = 3, a 2 = 2, a 3 = 1, as r 0 varies from 1 to 20 characteristic dimensions of the scatterer. We observe that when the point source is located at a distance equal to "ve or six large semiaxes away from the centre of the ellipsoid, the function f 2 is practically equal to one. In this case, the result (66) can be approximated by (82) which corresponds to plane wave incidence. Therefore a point source "ve characteristic lengths away from the scatterer is received by the scatterer almost as a plane wave. From the physical point of view, since
is the capacity of the ellipsoid ρ =constant (Dassios 1980 , Kleinman & Senior 1986 we can read the function f (r 0 ) as the ratio of the capacity of the sphere of radius r 0 to the capacity of the ellipsoid ρ =constant. In fact, if the ellipsoid degenerates to a sphere then f is equal to the constant unit function. So, f provides a measure of the descrepancy of the ellipsoid from that of a sphere via the change in capacity. In view of this characterization it is obvious why as r 0 → ∞ the function f tends to one. This is so since, as r 0 → ∞, the ellipsoid tends to a sphere and this in turn is implied from the fact that the ellipsoidal coordinate system has "xed foci (Hobson 1955) .
The inverse of the capacity of the ellipsoid ρ =constant can be expanded into inverse powers of ρ, using the uniform convergence of the binomial expansion, to obtain
Expansion (98) provides the approximation
and recovers the capacity of the sphere
of radius ρ, whenever a 1 = a 2 = a 3 .
The basic material on ellipsoidal harmonics used in this work is given below. The interior ellipsoidal harmonics
are connected to the corresponding exterior ellipsoidal harmonics
by the de"ning relations
where
are elliptic integrals. The Lamé products (A.1) and (A.2) are constructed from the Lamé functions of the "rst kind E m n and of the second kind
In particular,
, m = 1, 2, 3, (A.10)
We also need the following Cartesian forms of the ellipsoidal harmonics: 
In all the above relations n = 0, 1, 2,... and m = 1, 2,..., 2n + 1
Appendix B: Surface ellipsoidal potentials
Using the notation of Appendix A the following theorems hold true.
THEOREM 1 (monopole eigenpotentials) For every n = 0, 1, 2,... and m = 1, 2,..., 2n + 1 the surface monopole potentials assume the form
where S denotes the ellipsoid ρ = a 1 , and the weighting function l a , is given by (31). 
